The second (unphysical) critical charge in the 3-body quantum Coulomb system of a nucleus of positive charge Z and mass m p , and two electrons, predicted by 
We consider the 3-body quantum Coulomb system of two electrons (e, m) and a (heavy) positive charge Z of mass m p , (Z, m p ), where m ≪ m p . It is one of the most fundamental systems in theoretical physics. In atomic units |e| = 1. Usually, this system is called the helium isoelectronic sequence, among many different names used. We denote this system as (Z, e, e) and prefer to call it the two-electron sequence. This system is fundamental: it includes the species like H − , He, Li + etc, which play exceptionally important role in Nature.
The non-relativistic Hamiltonian has the form
when written in atomic units with electronic mass m = 1, where r 1 (r 2 ) is the distance from the charge Z to the first (second) electron, r 12 is interelectron distance, ∆ 1 (∆ 2 ) is the Laplacian which describes the kinetic energy of the first (second) electron, and ∆ is the Laplacian which describes the kinetic energy of charge Z. The configuration space of (1) is R 9 , but after separation of centre-of-mass motion, we arrive at a six-dimensional configuration space of the relative motion. Note that in the static limit m p → ∞ the non-relativistic Hamiltonian (1) degenerates to the form
Due to charge quantization, the physical system occurs when Z takes integer values, Z = 1, 2, . . .. At Z ≥ 1 the energy of a bound state E(Z) is a smooth function proportional to (−Z 2 ) at large Z. Long ago it was given a rigorous mathematical proof in [1] that for m p = ∞ the function E(Z)/Z 2 is the analytic function in vicinity of 1/Z = 0. There is still unresolved challenge to find the radius of convergence in 1/Z expansion and establish nature of the singularity(ies) on its circle of convergence. The lower edge of continuum (the threshold energy) is given by the ground state energy of the Z-hydrogen atom (Z, e),
. It is well-known that there exists a certain charge Z -called the critical charge Z c -for which the ground state energy of a two-electron sequence degenerates with the lower edge of continuum, thus, spontaneous ionization becomes possible. Quite recently, in the static limit (2), the critical charge was accurately calculated (with triple basis sets containing up to 2276 terms, see [2] ) and verified in independent calculation (using the Lagrange mesh method with lattice size 92 × 92 × 20, see [3] ) within 12 significant figures
It was proved in [4] that at Z = Z ∞ c the Schrödinger equation has normalizable eigenfunction. In [2] this result was verified -it was explicitly stated that the trial function (triple basis set containing 2276 terms) is normalizable and localized, < r 1 >∼ 1/α 1 ∼ 1 a.u. and < r 2 >∼ 1/α 2 ∼ 5 a.u. , see below (6)- (7) . It implies that the probability to meet electron at infinity is equal to zero, thus, the spontaneous ionization is absent.
The critical charge Z c for the case of the finite mass m p was studied in [5] for some particular values of m/m p and in [6] for m p 1 and m = 1. However, only recently, it was calculated accurately for the mass of proton, m p = 1836.15267245m e , where m e = 1 was set for the electron mass, using a 2856-term trial function (the convergence in energy was checked up to 11 s.d.) [7] Z mp c = 0.911 069 7(3) ,
which now we confirm (and improve) in the Lagrange mesh method [8] (see for details [9] ) (the convergence in energy is checked up to 12 s.d. including, the maximal lattice size is 92 × 92 × 20)
Note that finite-mass effects are sufficiently small ∼ 10 −5 changing the fifth figure in the critical charge, see (3) and (5).
It is evident that when Z gets slightly smaller than Z c the bound (stationary) state becomes quasi-stationary state (or Gamow state), characterized by complex energy, for discussion see [10, 11] . Its wavefunction is complex: it is mostly localized in the Coulomb well and it corresponds to outgoing spherical wave at large r 2 (r 1 ) at fixed r 1 (r 2 ), ∼ e −ikr 2 (e −ikr 1 ).
The imaginary part of energy is defined by tunneling rate from the Coulomb well to infinity.
In principle, it can be found via multidimensional WKB method, it should be exponentially energies E = E < (Z). Thus, the boundary conditions for these two problems are completely different. In principle, there is no reason that these two analytic functions should coincide
with exponentially small imaginary part (it indicates to the essential singularity at Z = Z c ),
while the E > (Z) is real and approaching from the right to Z → Z c + behaves linearly [4] .
It looks like a type of Kosterlitz-Thouless phase transition (of the infinite order) occurs at Z = Z c : the functions E < (Z) and E > (Z) and all their derivatives match at Z = Z c . The goal of our study is to find the function E > (Z) -the energy of the ground state -its analytic
properties. We will not touch the function E < (Z) either theoretically, or numerically.
In remarkable papers of 1966 and 1974, F.H. Stillinger and D.K. Stillinger [12, 13] , made an extended analysis of the ground state energy obtained variationally as a function of continuous charge Z and predicted the existence of the second critical charge Z B -the charge for which the ground state eigenfunction looses its normalizability, see [12] . The trial function that was used for the analysis, was the celebrated Hylleraas-Eckart-Chandrasekhar function with a property of clusterization -in average one electron is closer to the charge center than the other, they are called innermost and outermost electrons,
where α 1,2 (Z) are two variational parameters, both real, found in the minimization of the energy functional for a fixed Z. The Z dependence of the parameters α 1,2 was quite nontrivial. It must be noted the important technical moment which made the analysis feasible:
all integrals involved are evaluated analytically and are rational functions in α 1,2 . Hence, the variational energy is a simple analytic function of parameters α 1,2 being the ratio of two polynomials in variables α 1,2 . It allows analytic considerations of the variational energy 1 .
Stillinger and Stillinger showed the existence of two distinct critical charges: (i) Z c (= 0.9538) for which the ionization energy vanishes, hence, the ground state energy is equal to −Z 2 c /2 and coincides (degenerates) with the lower bound of continuum (the ground state energy of the Z c -Hydrogen atom, (Z c , e)), and (ii) Z B (= 0.9276) for which the trial function (6) becomes non-normalizable: minimal α 1 (or α 2 ) vanishes, for illustration see Fig. 1 . It was also demonstrated that the variational ground state energy E var = E(Z) is a regular function at Z = Z c , while at Z = Z B it has a square-root branch point with exponent 3/2 with the branch cut going along real axis to the negative direction, Z ∈ (−∞, Z B ]. Recently their analysis was extended: it was checked that, assuming the parameters α 1,2 in (6) can be complex, the minimum of energy functional is always reached for real α 1,2 for Z > Z B .
The ground state variational energy can be constructed for a more general trial function with the electronic correlation explicitly included [14] ,
(c.f. (6) [15] . The analysis of both variational energies E var (Z) obtained with (6), (7) did not indicate the existence of other square-root branch points at finite Z on the complex Z-plane [14] .
Hence, one can draw the conclusion, in accordance with the Landau-Zener theory of the level crossings (for discussion see e.g. [16, 17] ), that the point Z B seems to be a natural candidate for the point of the level crossing of the two lowest spin-singlet, 1 1 S and 2 1 S states.
However, the analytic continuation of the energy to the real positive axis of the second sheet of the Riemann surface in Z in the vicinity of Z B is not fully supported by the analytic continuation of trial functions (6), (7) . Although these functions remain normalizable after analytic continuation, they do not develop a nodal surface, thus, they are NON-orthogonal to the ones corresponding to the ground state at given Z and need to be orthogonalized.
Extending the analysis of [12, 14] , one can derive that for both cases (6) and (7) the variational energy in Z has two essentially different functional expansions near Z c and Z B ,
namely:
which is the Taylor expansion: it indicates the absence of a singularity at Z = Z c , and
for Z ≥ Z B , which is the so-called Puiseux expansion (the expansion in fractional degrees).
The latter indicates the existence of the square-root branch point with exponent 3/2. In absence of other singularities in the vicinity of Z c other than at Z = Z B , the radius of convergence of the expansion (8) has to be equal to (Z c − Z B ). Since the continuum starts at E th = −Z 2 c /2, the presence of the bound state at E ≥ E th indicates the phenomenon of the existence of a bound state embedded to continuum [18] 2 . It seems true inside the accuracy of a given variational procedure. It must be noted that even highly accurate, normalizable trial function found at Z > Z c does not guarantee the existence of the solution of the Schrödinger equation in the Hilbert space for Z < Z c after analytic continuation.
Thus, this state is not necessarily bound.
It is worth emphasizing that the expansions (8) and (9) are exact functionally since they are derived from variational energies emerging from (6) and (7) after the exact minimization:
minimizing-the-energy variational parameters are found in a form of expansions near Z c and near Z B +, respectively.
It seems natural to check validity of the expansions (8) and (9) for more accurate energies than ones found using (6), (7) . In order to do it we calculate E(Z) in 12 points at Z ∈ [0.91, 1]
and Z = 2 in the Lagrange mesh method accurate to not less than 9 s.d. (see Table I for illustration). Then taking into account the points from the domain
we make a fit using a general terminated Puiseux expansion,
for different N assuming that exponents are growing with n, searching for optimal values of the parameters a n , ǫ n . As for initial values of parameters, those we use, they are ones taken (10); the result of the analytic continuation of (10) to the second branch is shown in the 3rd column.
from the expansion (9) for (6), (7). Finally, we arrive at
with the critical charge
where as the result of the fit ǫ n turned to be of order 10 −6 − 10 −7 as well as the parameter a 1 . It turns out that is artifact of fitting procedure: all these parameters ǫ n , a 1 can be placed equal to zero without reducing the quality of the fit! The expression (10) reproduces up to a portion of 10 −6 − 10 −7 in energies at 12 points in Z more or less equally distributed in Z ∈ [Z c , 1.] and also the point Z = 0.91 < Z c (!) , for illustration see Table I (and Table II , see below). The quality of the fit drops with the increase of Z, see Table I . The numerical coefficients in the expansion decrease with the increase of the order of terms. It may be considered as the indication to the finite radius of convergence of corresponding numerical series of coefficients and thus the Puiseux expansion (9) itself. We must emphasize that the critical charge Z B is unphysical: it corresponds to analytically-continued ground state energy to the domain of quasi-stationary states!
In the recent analysis of 1/Z expansion [19] it was shown that the first ten decimal digits in all the first 401 coefficients e n are found correctly in [20] : their weighted sums E P (Z) = 401 e n Z n reproduce subsequently the first ten decimal digits in ground state energy of two-electron sequence at Z = 1, 2, . . . 10 , found in [21] . Checking convergence of 1/Z expansion we calculate weighted sums E P for Z < 1, see Table II , and compare them with the result of fit (10) (10) is in agreement with perturbation theory in 1/Z. In a similar way E P agrees with accurate calculations of the ground state energy E in the Lagrange mesh method even for Z < Z c . (equivalently, the first two significant digits) [9] .
Similar analysis to (10) Table III ) we arrive at (12); the result of analytic continuation of (12) to the second branch is shown in 3rd column.
(cf (9)). Note that the parameters of the fit (10) obtained in the static limit change very little in going from infinite to finite proton mass, see (12) . Both critical charges Z c , Z B increase slightly for the case of the finite proton mass.
It can be immediately seen from Tables I, III that based on the analytic continuation in Z of the fit (10), (12) (it corresponds to the change of sign in front of the terms of half-integer degrees), the existence of the second bound state 2 1 S of negative hydrogen ion is predicted,
for the both infinite and finite proton mass, respectively. Transition energies are
respectively. H − is a "maximally" strongly-correlated Coulomb system, thus, it is an example of a general 3-body Coulomb problem, it should be treated in full generality. So far, we are unable to find accurately the wavefunction for the 2 1 S state. It is evident it should not be of the type (1s2s) as for He, Li + and other two-electron positive ions. Likely, relativistic effects (spin-orbit, spin-spin interactions, radiative effects) to energy of the lowest states (14), (15) should not be more than ∼ 10 −4 a.u. similarly to ones for Helium [22] Note that conceptually the prediction (14) is in agreement with D.R. Yafaev's rigorous mathematical statement [23] about the finite number of bound states at Z = 1 but in contradiction to the widely-known theoretical statement by R.N. Hill [24, 25] about the existence of a single, spin-singlet bound state of H − only. Mathematical justification of the latter result is absent (to the best of the present author's knowledge). It seems it is a challenge to check the prediction (14) experimentally since the transition 1 1 S → 2 1 S is the forbidden type transition, hence, it should be a type of multi-photon transition and/or bound-free-bound transitions, which is difficult to observe. In principle, the spectra of H − contains one more, but metastable spin-triplet 2 3 P state [26] . Note that for helium atom, the main modes are (permitted) electric-dipole transitions 2 1 S → 2 1 P and 2 1 P → 1 1 S, see [27, 28] . Experimental study of the (forbidden) transition 1 1 S → 2 1 S for helium atom was done only recently using the Doppler-free two-photon spectroscopy, see [29] .
In present paper we studied the domain of bound states of three-body Coulomb problem Z > Z c and the analytic continuation to the complex Z-plane of the ground state 1 1 S, in particular, to Z < Z c . We showed that the second critical charge predicted in [12] is unphysical: it appears in analytic continuation of the ground state energy to Z < Z c , thus, it can not be measured. It seems important to carry out a similar study for the domain of quasi-stationary states Z < Z c , in particular, checking the analytic discontinuity Z = Z c . 
